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Abstract. We complete the study of Manin triples of real simple Lie algebras. In the 
Part 2 of the article we classify the Manin triples (g(R), W, g(R) © g(R)) (case 2 of 
the doubles) up to weak and gauge equivalence. 

0. Introduction 

First we recall the main definitions of the Part 1. 
Definition 1. Let gi, g2, d be Lie algebras over a field K and let Q be a symmetric 
nondegenerate bilinear form on d. A triple (gi, g2, d) is called a Manin triple if Q(x, y) 
is ad- invariant and d is a direct sum of maximum isotropic subspaces gi , g2 • 
Definition 2. We say that two Manin triples (g, W, d) and (g, W, d) are weak equiv- 
alent if there exists an element a in the adjoint group D of the double d such that 
W = Ad a (W). 

Definition 3. We say that two Manin triples (g, W, d) and (g, W, d) are gauge 
equivalent if there exists an element a in the adjoint group D of double d such that 
W = Ad a (W) and Ad a (g) = g. 

We study Manin triples as follows. First for given g we find all the doubles d and 
describe all forms Q(-, •) on d such that g is an isotropic subspace with respect to 
this form. Then fixing d and Q we study complementary subalgebras W such that 
(g, W, d) forms a Manin triple. 

We are going the classify Manin triples of real simple Lie algebras up to weak and 
gauge equivalence. It is known that the double d of complex simple Lie algebra g 
is isomorphic to one of following Lie algebras g ® A,,(C) , where Ai(C) = C[t]/t 2 , 
A 2 (C) = C[t]/(t 2 — 1/4). In Part 1 of this paper we study the action of conjugation a 
of C/R on complex doubles and obtain that the double d(R) of real simple Lie algebra 
g(R) is isomorphic to one of following algebras g £g> Ai(R), where v4 x (R) = R[t]/£ 2 , 
A 2 (R) = R[t]/(t 2 -l/4), A 3 (R) = C. 

So, according to the double, there exist 3 types of Manin triples. In Part 1 we 
consider Manin triples (g(R), W, g) (i.e. Case 3). In this paper we study Manin triples 
(g, W,g®g) (i.e. Case 2.) 



On Manin triples (g, W, g © g) 

Let g be a semisimple Lie algebra over the field C of complex numbers. Let G be 
the adjoint group of g. Denote by A ( resp. A + ) the system of roots (resp.of positive 
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roots) and by II = {cci, . . . ,a n } the sistem of simple roots. Let K(-, •) be a Killing 
form. Consider the Weyl basis : 

H k = H ak ,a k G IT; E a , E_ a , a G A + 

[H, E a ] = a(H)E a , [E a , E_ a ] = H a , 

a(H) = K(H a , H), K(E a , E^ a ) = 1 

As usial h is a Cartan subalgebra and n 1 * 1 is upper and lower nilpotent subalgebras. 

Let (g, W, d) be a Manin triple with d = g©g. We recall the classification of Manin 
triples in this case. Denote by j the image of t in A 2 (C). and e = \ + j, f — \ — j. 
The elements e, / are ortogonal idempotents, i.e. ef = fe = and e 2 = f 2 = 1. The 
double d = ge + g/. The simple calculations yield that 

Q(ae + bf, a'e + Iff) = K(a, a') - K(b, b') 

where K(-, •) is the Killing form of g. 

Let III, n 2 be the subsets of II and : LTi i— > Yl 2 is the map such that: 

i) is a bijection, 

ii) (<j>(a),<j>(P)) = (a,P), 

iii) for every a G LTi there exists k with the property 0(a), . . . , fc ~ 1 (o;) G IT and 

fc («)^nL 

Notations: 

gj the Lie semisimple subalgebra of g with the system of simple roots IT, system of 
positive roots Af and Cartan subalgebra hj; Gi is the subgroup with Lie algebra gj. 
: gi i— > g2 isomorphism of semisimple Lie subalgebras defined via : IT i— > Yl 2 , 
pf is upper and lower parabolic subalgebras, nf is the nilpotent radical of pf , 
r i = gj + h is the reductive part of pf, Ri is Lie subgroup with Lie algebra and 
R' =_Rif]R 2 . 

Let hi, h 2 be the subalgebras of h such that h i C hj and hj C hj. 
Denote lj = hj = KerK(-, -)\^., fj = gj + hj 
Suppose that is extended to the isomorphism 

: fi/li h-> f 2 /l 2 (1.1) 

Definition 1.1. The following condition we shall call the condition iv): 

iv) preserve K(-, •) and has no fixed points in h. 

( the last means that there is no x G Ti f] r 2 , x ^ such that <p(x) = x(mod{\ 2 )) . 
Consider 

W(0) = lie + n+e + ]T C(xe + <j>{x)f) + n 2 f + \ 2 f (1.2) 

Theorem 1.2( [BD],[ST],[CGR],[S]). Let g be a semisimple Lie algebra. Let satisfy 
i), ii), iii), iv). Then 

1) (g, W(0), g © g)) is a Manin triple; 

2) Every Manin triple (g, W, g © g) is gauge equivalent to (g, W(0), g © g). 
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On Manin triples (g(R), W, g(R) © g(R)) 



Let g(R) be a real simple Lie algebra. It is well known that g(R) is a real form of a 
complex simple Lie algebra g or coinsides with the realification of g (see [VO],[GG]). It 
was proved in [CGR] and [CH] that Manin triples (g(R), W, g(R) ©g(R)) correspond 
to the solutions Q : g(R) i— > g(R) of Modified Yang-Baxter equation 

[Qx, Qy] - Q[Qx, y] - Q[x, Qy\ = \[x, y] 

with A < 0. A solution exists whenever the simple real Lie algebra g(R) has no black 

roots in Satake-diagram [CGR]. It takes place for algebras: 

LI) g(R) is a split real form complex simple Lie algebra ; 

L2) g(R) = gR is the realification of g; 

L3) g(R) = su(p,p),su(p,p+ 1); 

L4) g(R) = so(p,p + 2); 

L5) g(R) = EII; 

Let g(R) be a real simple Lie algebra of L1-L5. 

Denote byr = {l,(r:o- 2 = l} the Galois group C/R. There exists a semilinear action 
of T on g(C) = g © C such that g(R) = g(C) r . There exist the subalgebras h, n ± in 
gC such that CT n + = n + , CT n = n , CT h = h (see [CGR]). We are fixing further this 
subalgebras. 

We have the action of a on the roots a a(h) = a( a h), h G h, a G A. In all cases L1-L5 
cr(II) = II. For the acton of er on II see S at ake- diagrams [VO]. 

Let (g(R), W,d(R)) be a Manin triple with d(R) = g(R) © g(R) (i.e. Case 2). 
Then (g(C), W © C, d(R) © C) is Manin triple over C. Clearly, d(C) = d(R) © C = 
g(C) © g(C). The action of a on d(C) is as follows °e = e and a f = f. 

Recall that g(C) = g in the case g(R) is a real form of a complex simple Lie 
algebra g and g(C) = g + g in the case g(R) = gR is the realification of g. To 
simplify the notations, we shall refer g(C) as g till the end of this section. 

According to Theorem 1.2, W © C coinsides with some cr-invariant subalgebra 
Ad g W((p), where g G Gin this section we are going to study a-invariant subalgebras 
in the orbit AdgW(4>) of the adjoint group G. The list of real forms of this subalgebras 
W = (Ad g W((f))) r provides the classification of Manin triples (g(R), W, g(R) ©g(R)). 

Consider 

"{AdgWicj))) = Ad g W(<j)) (2.1) 

It follows 

CT (W(0)) = Ad p W(<P), (2.2) 

where p = cr g~ 1 g. Note that a p = p~ l . Replacing W(0) by (1.2) in (2.1), we get the 
equality of two subalgebras 

-he + CT n+e + E, e?1 C(°xe + CT ((j>(x))f) + CT nj/ + °hf = Ad p (h)e+ 

Ad p (nt)e + Exerx C(Ad p (x)e + Ad^x)) f) + Ad p (n 2 )f + Ad p (\ 2 )f ^ 

Denote m l = g 1 f| , m 2 = g 2 f| n^. 

Lemma 2.1. We save the notation of section 1. Let satisfy i), ii), iii), iv) and (2.3) 



3 



hold. Then the following statements are true. 

1) The conjugation a saves li, 17, 17, g l5 rri! and I2, r 2 , r 2 , g 2 , m 2 . This defines the 
maps a : ri/li h-> ri/li, a : r 2 /l 2 i-> r 2 /l 2 ; 

2) p G Pi H ^2~i there exists the decomposition p = m\qm 2 with mi G exp(mi), m 2 G 
e:rp(m 2 ), g G it!'. The elements mi, m 2 , g obey the following relations mim 2 = m 2 mi, 
"mi = q~ x m{ 1 g, °m 2 = qm 2 l q~ l , a q = q~ l ] 

3) Denote pi = mig and p 2 = gm 2 . Then °pi = pf 1 and °p 2 = p^ 1 ; 

4) Ad pi (ri) = ri, Ad pi (li) = li, Ad P2 (r 2 ) = r 2 , Ad P2 (\ 2 ) = h- This defines Ad Pl : 
fi/li i-> fi/li, Ad P2 : r 2 /l 2 i-> r 2 /l 2 and 

<P{Ad;l°{x)) = Ad-^(x) (2.4) 

holds for x ET1/I1. 

Proof. Consider the intesection of left and right sets of (2.3) with ge and gf. 
We have 

f CT (l! + n+) = Ad p (h + n+) 
1 CT (1 2 + n 2 ) = Ad p (l 2 + n 2 ) 



(2.5) 



Compairing the radicals of this subalgebras, we have 

= Ad p iii 



Since "n] 1 " = and CT n 2 




Ad p n 2 



ill — Ad p nf 
n 2 = Ad p n 2 



(2.6) 



(2.7) 



This implies 

The element p can be uniquely decomposed 

p = m 1 qm 2 , (2.8) 
where mi G exp(mi), m 2 G exp(m 2 ), g G R' . 

First we are going to prove statement 2) of the Lemma. Choose the elements /ii G rri! 
and // 2 G m 2 such that mi = exp(fii), m 2 = exp(/i 2 ). Up to definition, 

aeAi-A 2 /3eA 2 -Ai 

Suppose that [-E_ a , -E/3] = cE 1 and c ^ 0. Then —a + /3 = 7 is a root. If 7 > 0, then 
/3 = ct + 7 and there exists the simple roots 111 — II 2 in decomposition of f3 in the sum 
of simple roots. This contradicts to f3 G A 2 . If 7 < , then a = (3 — 7 and similarly we 
get a contradiction. Hence [E- a , E@] = 0. Therefore, [fii, fi 2 ] = and m\m 2 = m 2 m\. 
Since °p = p _1 , then 

°mi° ' q a m 2 = m 2 x q~ x m{ x = m 2 1 (q~ 1 m^ 1 q)q~ 1 = 
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(q l m l 1 q)m 2 l q 1 = (q l m l 1 q)q 1 (qm 2 1 q 1 ). 

Thus, a m\ = q~ lr m~{ l q, °m 2 = qm 2 q" 1 , 'q = g -1 . This proves 2). One can deduce 3) 
from 2) by direct calculations. 

Since g 2 fl h = 0, then Ad P2 l 2 = 1 2 . Therefore, 

Ad p (h + n 2 ) = Ad p h + Ad v w 2 = Ad m A 2 + = 1 2 + n 2 
Simillarly, Ad pi h = h and 

Ad p (h + nf ) = Ad p h + Ad p n^ = Ad m2 li + n| = l x + 
Substituting this to (2.5), we have 



f CT (l! + n+) = l 1 + n+ 

\ CT (1 2 + n 2 ) = 1 2 + n+ 

Since CT h = h, then 

f CT (li) = li 



r (l 2 ) = 1: 
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The (2.3) can be rewritten as 



he + n+e + £ x6?1 C(°xe + CT (0(x))/) + nj/ + hf = 
he + n^e + C(A/ P (x)e + Ad p (<j)(x)) f) + n 2 / + 1 2 / 



(2.9) 



(2.10) 



(2.11) 



We stress that 

AdpX = Ad Pl x(mod(nl)), Ad Pl x G fi C r x and Ad p (f)(x) = Ad P2 (fi(x)(mod(n 2 )), 
Acip 2 0(a;) G f 2 C r 2 . We obtain 

£ C(^e+ CT (0(x))/) C l ie +n+e+^ C(Ad pi (x)e+Ad P2 (0(x))/)+n 2 -/+l 2 / (2.12) 
Since pi = h\gi with h± E H = exp(h), g\ G Gi = exp(gi), then 

(2.13) 
(2.14) 

(2.15) 
(2.16) 



Adp^x 


= ri 


Ad P2 r 2 


= r 2 


Ad pi h 


= li 


Ad P2 \ 2 


= 1 2 



The (2.12) implies that for every x G ri there exists y G ri such that 

f CT (x) = Ad wJ /(mod(li)) 
1 CT (0(x)) = Ad P2 4>{y)(mod{h)) 



It follows 



CT (fi) = ri 



1 a (r 2 ) = r 2 
The (2.10) and (2.16) prove the statement 1). 
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We have seen above that Ad Pl saves r 1; li and Ad P2 saves r 2 , 1 2 . Finally the (2.15) 
yields <f)(Ad p ^ (x)) = Ad^ (j)(x) for x G r^. □ 

Definition 2.2. The following condition we shall call the condition v*) for : Vi/\i i— > 
r 2 /l 2 : 

v *) CT r- = fi, CT li = 1^ for i = 1, 2 and 

CT (0(:r)) = 0^) (2.17) 

for x G fi/li. 

Since a : IT (-»• n, then ^TT^ = ni, a U 2 = Tl 2 and a <p(a) = (p^a) for a G III. 
Notations: 

no = n!un 2 ; 

h 4, = {v e h\a(v) = (f)(a)v,a G 111} = {v e h\[v , <f>(x)] = <f>([v,x]),x G r x }; 

The last formula can be rewritten as ad v (fi(x) = (j>ad v (x),x G fi We shall call the 

stabilizer subalgebra of 0. 

= {p G H\Ad p (/)(x) = (/)Ad p (x)}. We shall call H* the stabilizer of 0. The Lie 
algebra of H+ is 

Definition 2.3[BD].Let : LTi i— > n 2 satisfy i) ,ii) ,iii) . Let ot,f3 G 111. We shall say 
that a < /3 if there exists integer k such that fc (a) = f3. 
Note that a < 0(a) < • • • < fc (a) = /3. 

Definition 2.4. The set «i < a 2 < • • • < a& is called a chain. We shall denote by 
C(a) the maximal chain with a. 

Lemma 2.5. 1) The maximal chains either coinside or don't intersect.; 2) If and 
a obey v*) (see Definition 2.2), then the image <r(C) of a maximal chain is also a 
maximal chain. 
Proof. 

1) Let Ci = {«! < a 2 < • • • < a fc } and C 2 = {f3\ < f3 2 < ■ ■ ■ < /3 fc } are maximal 
chains. If n (a) = m (/3) , n> m then n_m (a) = j3 and , therefore, (3 G C 1 . Hence, 
C 2 C Ci. Since C 2 is maximal, Ci = C 2 . 

2) Let {cti < a 2 < ■ ■ ■ < a^} be a maximal chain with ctj+i = 0(a«). Denote 
& = a(ai). We see 0(A) = 0(<xa;)) = a(0(a;))) = o-(a i+1 ) = f3 i+1 . Hence, (3 X < (3 2 < 
•••<&•□ 

Corollary 2.6 The n is decomposed in maximal chains. The automorphism a acts 
on the set of maximal chains. 

Theorem 2.7. Let g(R) be a simple Lie algebra of L1-L5 types. Suppose that 
the map satisfies i)-iv) and the algebra Ad g W((p) is cr-invariant. Denote as above 
V — ° 9^9 ■ Then satisfies v*) and p G H^. 
Proof. The proof is divided into 2 steps. 

1) We recall that (2.1) implies (2.2) with p = u g~ l g. We are going to show in this step 
that if AdgW{(j)) is a-invariant then satisfies v*). 

It was proved that (2.1) implies (2.4). The equality (2.4) can be rewritten in the 
form 

Ad-^r(Ad Pl x) = 0(x) (2.18) 

for x G ri/li- 
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Decompose ITx and IT 2 in connected components: 

k 

ni = U n u 

i=i 

fc 

n 2 = |J n 2l 

i=i 

Then g x and g 2 are decomposed in direct sums: 

k 

gl = Sli 

i=l 

fc 
i=l 

We may assume that 4>(gu) = g 2 j. 

As we saw in Lemma 2.1 °gi = gi, °"g 2 = g 2 . Since p\ G R\, then Ad Pl (gi) = gi 
and Ad Pl save the decomposition of gi in the some of simple algebras. Simillarly, 
P2 G -R2, then Arf P2 (g 2 ) = g 2 and Ad P2 save the decomposition of g 2 in the some of 
simple algebras. Denote ip = <T 0°". According to (2.18), the maps ip and gave the same 
permutation of simple components . Thus ip(gu) = §2*- Therefore, _1 -?/>(gij) = gii 
and 0"V(IIh) = n H . 

Denote = su. Then ip = (psu. Substituting (psu for ip in (2.18), we get 

Ad'^suiAdp.x) = <j>{x) (2.19), 



^Ad-^suiAdp.x) = x (2.19) 
for x G Denote t> 2 G r 2 such that p 2 = exp(v 2 ). Then 

(j) -1 Ad~^ 4>i. x ) = _1 exp(— ad V2 )<p(x) = exp{—ad^-i V2 )x 

Therefore, (f)~ l Ad p2 4> is an inner automorphism of gij. We denote it by The 
equality Ad g Su Ad pi = 1 implies that Su is inner automorphism of g^. Since Su = (f)~ l ip 
save Ilxj, then su = 1. Finally, we get _1 -?/> = 1 and ip = <fi. This proves (2.17) for 
x G gi. If x belongs to orthogonale complement of gi in fi , then (2.4) is equivalent 
to (2.17). Consequently, (2.17) holds for all x G ri/li. 

2) The goal of this step is to prove that pi = p 2 = p G H^. As we prove in step 1), 
(2.17) and (2.4) hold. Then 

cf>(Ad^(x)) = Ad^<f>(x) = Ad£4>{°x) 

We get 

<f)(Ad Pl x) = Ad P2 <p(x), (2.19) 

for all x G ri/li. 
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There exists Vi G such that Pi = exp(vi). According Lemma 2.1, we have 
ui = a*i + 9 + t, v 2 = /jl 2 + + t where ^ e m J e (g x fl g 2 ) fl(n + © n"), i e h. We 
shall prove further that /ii — /i 2 — 9 — 0. 

We can decompose t = ti + t[ where tj G = gjflh, t- G h and [t-,gi] = 0. 
Denoting g { = exp(n + 9 + U), h { = exp(t-), we get pi = gihi = /i^. 

The (2.19) implies <p(Ad gi x) = Ad 92 (f>(x). Let Gi be the subgroup of G with Lie 
algebra gj. We can extend <fi to the isomorphism of the groups (f> : G\ \— > G 2 . Then 
^Kai)^) — Ad g2 (j)(x). Hence, 4>{gi) = g 2 ■ Therefore, <f>(fii + 9 + ti) = pL 2 + + t 2 . 
The element 6 1 is a sum 9 = 9 + + 9~ where 9^ G gi f| g2 fl n 1 * 1 . We obtain 

+ 0(0+) + (j>(0-) + = /i 2 + 9 + + 0" + t 2 (2.20) 

Recall that the map is defined via the map : Hi i— > n 2 . Thus, 0(n + ) f| gi C n + f| g 2 , 
0(n~) Dgi C n~ f|g2, 0(hi) C h 2 . The equality (2.20) holds if and only if 

(t>{9 + ) = /i 2 + 0+ 
< 0(/n) + 0(r) = 0" (2.21) 

<f>(h) = h 

Suppose that 9 + ^ 0. Denote Af the system if positive roots generated by IL. Then 

9 + = Z°E a , A*2= E ^ 

The equality 0(# + ) = [i 2 + 9 + implies 

E €aE<i>(a) = E ZpEp + E (2.22) 
aeA+ aeA+-A+ ct€A+ 

For every simple root a G IIi we denote /(a) the length of the maximal chain C(a) 
(see definition 2.4) from the beginning to a. Denote 

lo = min{l(a)\a G Af, £ a ^ 0} 

and Iq = l(oto) for some positive root a £ The term ^ ao E ao belongs to the right 
side of (2.22) and dose not belong to to left side. A contradiction. 

Therefore 9 + = and /j, 2 = 0. Similarly we get 9~ = and //i = 0. This proves 
Vi = v 2 = t , pi = p 2 = exp(t) = p G H and 

Ad p <f) = (pAd p (2.23) 

This proves the Theorem. □ 

Corollary 2.8 Let <^> : TIi i — > II2 satisfy i)-iv). Consider the follwing conditions: 

1) AdgW(cj)) is cr-invariant , 2) W(0) is g-invariant. Then 1) implies 2) and 2) is 

equivalent to v*). 

Proof. If Ad g W((f)) is cr-invariant for some g G G, then obeies v*). This proves 
l)i-> v*) and 2)i->v*). 
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According to Lemma 2.1, if Ad g ~W((j)) is a-invariant, then = lj, ""n^ = n^, 
ff n 2 = n^, a 7i = Ti . The condition v*) is true and yields 

a {xe + <j>(x)f) = a xe + a (f)(x)f) = a xe + <f){ a x)f 

for x G fi/li. He have 

CT W(0) = CT (l ie + n+e + J2 C(xe + </>(x)f) + n~f + 1 2 /) = 

he + n+e + £ C{xe + <j>(x)f) + nj/ + 1 2 / = W(0). 
This proves 1)^2) and v*)i->2). □ 

Completion of classification 

In this section we are going to classify all Manin triples g(R), W, g(R) © g(R) up to 
the Ad-action of the group G(R) = G(C) r . As above g(C) = g(R) ® C. Recall 
that g(C) = g in the case g(R) is a real form of a complex simple Lie algebra g and 
g(C) = g + g in the case g(R) = gR is the realification of g. Denote IT the set of 
simple roots of g(C). So IF = IT in the case of real forms and II C = II [j IT in the case 
g(R) is the realification of g ( here II, II' are sets of simple roots of g). Let we have 
two subsets LT2 in IT. Let : IT^ 1— > 11^ satisfy i)-iiv). The W(0) is the subalgebra 
(1.2), constructed by the map for g(C). 

Proposition 3.1. Let g(R) be a real simple Lie algebra if the type L1-L5. and let 

the subalgebra Ad g W((f)) be a-invariant. We assert (Ad g W((J))) r = Ad r (W((j))) r for 
some r G C(R). 

Proof. Recall that we choose a-invariant subalgebras n 1 * 1 , h in g(C). The conjugation 
a saves the set of simple roots LT. According to Theorem 2.7., the element p = a g~ 1 g 
lies in H^, W(0) is also cx-invariant and satisfies conditions v*). Then <fi{ a ot) = a (j)(a) 
for a G IIi. 

Denote by v the element in h such that p = exp(v). The element p uniquelly 
determined by the system of numbers p a = exp(a(v)), a G IT. 
As p = exp(v), then a p = exp( a v) and 

{ a p) a = expa( a v) = exp a a(v) = %^ 

Easily 

{p~ l ) a = exp(a(-v)) = p~ l 
The equality a p = p~ x implies 

P^H=P* 1 (3-1) 

for all a G IT. Since p G H^, then Ad p (j)(x) = <p{Ad p {x)), x G fi/1. This is equivalent 
to Ad P 4>(E a ) = <f)(Ad p (E a )) , a G IIi . We obtain 

Pa = P<p( a ) (3.2) 
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for a G IIi ■ 

By Lemmas 2.5-2.6, n is decomposes in maximal chains and a acts on the chains 
by permutations. It follows from (3.2) that the system of elements p a is stable on 
maximal chains in il . There exists a system h a G C* which is stable on maximal 
chains and p a = h a ( a \ h a , a G II. Therefore, there exists the element h G such 
that p = <J hT 1 h. By definition, cr g~ 1 g = p = a hr x h. Hence "{gh" 1 ) = gh~ x and 
gh- 1 G G(R). Finally g = rh, r G G(R), h G H*. We have 

Ad h W(<f>) = Ad h (he + n+e) + ^ C(Ad h xe + Ad h <j>(x)f) + Ad h (n 2 f + 1 2 /) = 
l ie + n+ e + J2 C(Ad h xe + <f>(Ad h x)f) + rq f + 1 2 / = W(0). 

a;Gri 

It follows Ad g W((f)) = Ad r W((f)) and (Ad g W((f))) r = Arf r (W(0)) r .D 

Let g(R) be a real simple Lie algebra of types L1-L2. We choose a-invariant 
subalgebras h, in g(C) as above. The h(R) is a real form of h(C). The conjugation 
a acts onthe set of simple roots as in Satake-diagrams of L1-L5. Let 11^ and LT2 be 
(T-invariant subsets in the set of simple roots of g(C). Let the map : LTi 1— > Tl 2 be 
cr-invariant and satisfy the conditions i), ii), iii). 

Denote by gj(R), hj(R) the real forms of g«(C), hj(C). Choose two real subspases 
h;(R) such that h^R)^ C h^R) and h;(R) C h<(R). 

Denote fj(R) = gi(R) + hj(R), lj(R) = h^R)^. One can extend the map to the 
isomorphism 

: gl (R) h-> g 2 (R). 
Suppose is extended to the isomorphism 

0:r 1 (R)/l 1 (R)^r 2 (R)/l 2 (R), 

preserving Killing form and having no fixed points. We shall refer the above condition 
as condition ivR) Consider the subalgebra 

W(0) R = l 1 (R) + n 1 (R)+e+ £ R(xe + <j>{x)f) + n 2 (R)"/ + 1 2 (R) (3.3) 

x-eri(R) 

Theorem 3.2. Let be cr-invariant and satisfy i)— iii) and ivR). Let g(R) be a simple 
Lie algebra of type L1-L5. Then 

1) The triple (g(R), W(0) R , g(R) © g(R)) is a Manin triple; 

2) Every Manin triple (g(R), V, g(R)©g(R)) is Ad G{n) equivalent to the triple (g(R), W(0) R , g(R)© 

g(R))- 

Proof. Consider the complexifications g«(C), rj(C), lj(C) of gi(R), rj(R), 1«(R). We 
extend the to C-linear a-invariant isomorphism of gi(C) onto g 2 (C) and further to 
r!(C)/li(C) onto r 2 (C)/l 2 (C). We get 0, satisfying conditions i)-iv), and v*). There- 
fore, W(0) is cr-invariant. The algebra W(0) r is generated by li(R), 1 2 (R), n + (R), 
n 2 (R) and the elements 

xe + <f)(x)f + a (xe + (j>(x)f) = (x + °x)e + (0(x)/ + °<p{x)f) = (x + °x)e + 0(x + u x)f 
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where x e fi(C)/li(C). We have W(0) r = W(0) R and (g(R), W(0) R , g(R) © g(R)) 
is a Manin triple, this proves 1). 

Let (g(R), W, g(R) © g(R)) be a Manin triple; then (g(C), W © C, g(C) © g(C)) 
is also a Manin triple. The algebra W © C is cr-invariant and, according to Theorem 
1.2, IF © C = Aci 9 W(0). Then satisfies v*) (see Theorem 2.7) and we get the 
isomorphism ivR) of the algebras of invariants. We obtain (IF©C) r = (AdgW (0)) r = 
Ad r (W (0)) r = Aci r W(0) R . This proves the Theorem. □ 

Corollary 3.3 Let g(R) be the split form of a simple complex Lie algebra g(R). Then 
li(R) = 1 2 (R) = and 

W(0) R = ni (R) + e + ]T R(xe + 0(x)/) + n 2 (R)-/ (3.4) 

xEri(R) 

All Manin triples (g(R), IF, g(R) © g(R)) has the form W = Ad r (W(0) R ) with 
r G G(R). 

Proof. The Killing form if (•, •) is positive definite on h(R). Therefore, li(R) = 

i 2 (R) = o.n 

Further we shall specify the statement of Theorem 3.2 in the case g(R) is a reali- 
fication of g. 

Theorem 3.4 Let g be a complex simple Lie algebra and g(R) = g R is the realifica- 
tion of g. as in section 1 let 011! i— > Yl 2 satisfy i)-iii). We extend to R-isomorphism 
: gi I— > g 2 such that is C linear or C-antilinear on each simple component of 
g x . Let h 1; h 2 be the R-subalgebras of h such that h- C hj and hj C hj. Denote 
as above lj = = KerK(-, -)|^., fj = gj + hj. Suppose that is extended to the 
R-isomomorphism 

: ri/li ^ r 2 /l 2 

such that preserve if (•, •) and has no fixed points in h (condition iv)). 
Consider the subalgebra W(0) (see 1.2). Then 

1) (gR, W(0), g R © g R )) is a Manin triple; 

2) Every Manin triple (g R , W, g R © g R ) is gauge equivalent to (g R , W(0), g R © g R ). 
Proof. The complexification g(C) of g R equals to g © g. The set of simple roots of 
g(C) is n c = II |J II' where II = {a[, . . . , a' n } and IT' = {cti" , . . . , a n " } are systems of 
symple roots of g. The conjugation a of g R acts on IF by <j{a,j) = a[ and <r(aQ = aj. 

For the subsets III, n 2 C II we consider IF? = U nj. Decompose FEi, II 2 in the 
union of connected components: 

k k 

u, = |J n ls , n 2 = |J n 2s 

s=l s=l 

Suppose <f>(Hi s ) = II 2s . We extend to a-invariant map : IFj; i— > n^, putting 
0(rii s ) = rii s ,if 0| gls is C-linear, and 0(IIi s ) = n' ls ,if 0| gls is C-antilinear. We get cr- 
invariant map : i— > II2, satisfying i), ii), iii). We extend to cr-invariant C-linear 
map rx(C)/li(C) onto r 2 (C)/l 2 (C), obeying i)-v*). By Theorem 1.2, W(0) © C is 
complementary subalgebra in Manin triple (g(C), W(0) ©C, g(C) ©g(C)). Consider- 
ing cr-invariants, we see that W(0) is complementary subalgebra in real Manin triple 
(g, W(0), g © g). This proves 1). 
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On the other hand, if (gR, W, gR © gR) is a real Manin triple, then W is gauge 
equivalent to W(0)r. The last subalgebra is constructed by the two cr-invariant subsets 
IT| = Iljljn^ and a invariant map (f) : ITj i— > IT;, obeying i)-v*). If 0(II ls ) = then 
the restriction of to gis(R-) = (gi s (C)) r is C-linear. In the case 0(IIi s ) = U' ls the 
restriction is C-antilinear. The algebra of invariants coinsides with Ad r W(4>).U 
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